Let f : X → S be a Lagrangian fibration between projective varieties. We prove that R i f * O X ∼ = Ω i S if S is smooth. Suppose that X is an irreducible symplectic manifold or a certain moduli space of semistable torsion free sheaves on a K3 surface, the Hodge numbers satisfy h p,q (S) = h p,q (P n ), where n = dim S. If S ∼ = P n and X is an irreducible symplectic manifold, there exists a hypersurface M f of the Kuranishi space of X such that every member of the Kuranishi family over M f admits a Lagrangian fibration over P n .
Introduction.
We begin with the definitions of symplectic varieties and Lagrangian fibrations. Definition 1.1. A normal Kähler variety X is said to be a symplectic variety if X satisfies the following two conditions:
(1) There exists a nondegenerate holomorphic closed 2-form ω on the smooth locus U on X.
(2) For any resolution η : Y → X of X, the pull back of ω to η −1 (U) can be extended as a holomorphic 2-form on Y. Definition 1.2. Let X be a symplectic variety, ω a symplectic form on X and S a normal variety. A proper surjective morphism with connected fibres f : (X, ω) → S is said to be a Lagrangian fibration if a general fibre F of f is a Lagrangian variety with respect to ω, that is, dim F = (1/2) dim X and the restriction of the symplectic 2-form ω| F∩X smooth is identically zero, where X smooth is the smooth locus of X.
In this paper, we investigate the higher direct images of the dualizing sheaf of a Lagrangian fibration. Our main result is the following. THEOREM 1.3. Let f : X → S be a Lagrangian fibration between projective varieties. Assume that S is smooth. Then By [14, Theorem 2] , S ∼ = P 2 if X is a 4-dimensional irreducible symplectic manifold and S is smooth. COROLLARY 1.6. Let f : X → S be as in Problem 1.5. If dim X = 4, then T S is nef.
Remark. Let C be an elliptic curve, E a rank 2 vector bundle on C and L a divisor on C. Assume that deg L = 1 and E is given by a non-split extension of O C and L. Then the tangent bundle of P 1 (E) is nef. However, P 1 (E) cannot be a base space of a Lagrangian fibration. See Claim 5.3 in Section 5.
If S ∼ = P n , we have the following application. COROLLARY 1.7. Let X be a projective irreducible symplectic manifold, X the Kuranishi family of X and M the Kuranishi space of X. We denote by 0 the reference point of X. Assume that X admits a Lagrangian fibration over P n . Then there exists a hypersurface M f of M such that 0 ∈ M f and the restriction X × M M f admits a proper surjective morphism over P n M f , which is a projective bundle over M f . Moreover it satisfies the following diagram:
Finally, we remark on singular symplectic varieties. Let X be the moduli space of semistable torsion free sheaves on a K3 surface of rank two, c 1 = 0 and c 2 = 2c. By [21, Section 6] , X is a projective singular symplectic variety if c ≥ 3. COROLLARY 1.8. Let X be the moduli space of semistable torsion free sheaves on a K3 surface of rank two, c 1 = 0 and c 2 = 2c. Suppose that X admits a Lagrangian fibration f : X → S over a smooth projective variety S. Then
This paper is organized as follows. We explain the outline of the proof of Theorem 1.3 in Section 2. Theorem 1.3 is proved in Section 3 and Section 4. Corollaries 1.4, 1.6, 1.7 and 1.8 are proved in Section 5.
Reduction
Steps.
2.1.
We begin with the investigation of a general fibre of a Lagrangian fibration. LEMMA 2.2. Let f : (X, ω) → S be a projective Lagrangian fibration. A general fibre F of f is an abelian variety. Proof 2.3. Since X has only canonical singularities, F has only canonical singularities. By the adjunction formula, K F ∼ = O F . Hence the Kodaira dimension κ(F) of F is zero. Let η : Y → X be a resolution of X andF := η −1 (F). By the Bertini Theorem,F is smooth. We consider the following exact sequences:
≥ n and q(F) ≥ n. By [9, Corollary 2], F is birational to an abelian variety because κ(F) = 0. Since K F ∼ = O F and F has only canonical singularities, F is an abelian variety. 
2.5.
Next we consider a smooth Lagrangian fibration. LEMMA 2.6. Let f • : (X • , ω) → S • be a Lagrangian fibration between complex manifolds. Assume that f • is smooth and projective. Let L be an f • -ample divisor on X • . Then L and ω define an isomorphism
Proof 2.7. We consider the following exact sequences:
By the assumption, X • is smooth. Then every fibre of f • is a Lagrangian subvariety, by [15, Theorem 1] . The symplectic form ω defines an isomorphism
Therefore we obtain the isomorphism
are dual to each other with respect to this polarization. Hence we obtain 
Consequently, these four sheaves are isomorphic to each other. By [ 
If the above theorem were valid for a projective morphism, we could replace the projectivity of X by the projectivity of f in the assumptions of Theorem 1.3.
Outline of the proof of Theorem 1.3.
Let L be an ample divisor on X and D the discriminant locus of f . By Lemma 2.6, we have the following isomorphism:
We will prove the following Proposition in Section 3, which asserts that the isomorphism (1) can be extended to S.
be a Lagrangian fibration between projective varieties and L an ample divisor on X. Assume that S is smooth. Then L and ω define a morphism
which is the extension of the isomorphism (1) .
In Section 4, we will prove the following Proposition.
be a Lagrangian fibration between projective varieties and D the discriminant locus of f . Assume that S is smooth. Then there exists an open set U of S which has the following three properties
Assuming Propositions 2.13 and 2.14, we will prove Theorem 1.3. By Proposition 2.13, we obtain the morphism [12, Corollary 7.6] . By Serre duality and the Leray spectral sequence,
By the isomorphism (4) and Proposition 2.14, we obtain
Extension to codimension one points.
3.1. Proof of Proposition 2.13. Let η : Y → X be a resolution such that ( f • η) * D is a normal crossing divisor and η is isomorphic on X \ f −1 (D). We recall that the singular locus of X is contained in f −1 (D) by Definition 2.4. We denote by h the composition morphism f • η. There exists an open set U of S which satisfies the following five properties:
(4) The morphism h| h −1 (U) is toroidal with respect to the above structures.
We consider the following exact sequences: (2), (3) and (4) of 3.1, we may choose local coordinates ( y 1 , . . . , y 2n ) at y and (t 1 , . . . , t n ) at h( y), such that D is defined by t 1 = 0 in a neighborhood of h( y). Moreover E i is defined by y 1 = 0 and h is defined by t 1 = y e i 1 and t j = y j , (2 ≤ j ≤ n) in a neighborhood of y. The morphism ι 1 is described as
(2) Let y be a point of Y + U and F the irreducible component of h −1 (h( y)) containing y. Then Hom(Ω 1
where T F,y is the tangent space of F at y and C( y) is the residue field at y. By the argument in the proof of Lemma 2.8, R 2 h * O Y is torsion free. Hence η * ω vanishes on every fibre of h by a similar argument in the proof of [15, Theorem 1] and we are done.
3.3.
We go back to the proof of Proposition 2.13. By Claim 3.
Hence we obtain
Let h • be the smooth part of h, H := R 1 h • * C and L an f -ample divisor. Then L defines the polarization on H because η is isomorphic on Y\h −1 (D). We denote by F 1 (H) the first Hodge filter of H. By [13, 2.10] 
are dual to each other with respect to this polarization. If we take the dual of the morphism (5), we obtain the morphism 
By construction, (6) is an extension of the morphism (1).
Proof of Proposition 2.14.

4.1.
We start the proof of Proposition 2.14 with the following key lemma: 
Proof of Lemma 4.2.
We take U, h, Y U , E and E i as in Section 3.1. Let us prove the following claim. 
Proof of Claim 4.4.
Let y be a point of E i . Since h| Y U satisfies the properties (2), (3) and (4) of Section 3.1, we may choose local coordinates ( y 1 , . . . , y 2n ) at y and (t 1 , . . . , t n ) at h( y), such that D is defined by t 1 = 0 in a neighbourhood of h( y). Moreover E i is defined by y 1 = 0 and h is defined by t 1 = y m 1 1 · · · y m k k and t j = y j+k+1 , (2 ≤ j ≤ n) in a neighbourhood of y. Hence E i → D is smooth. We consider the following exact sequences:
From the argument in the proof of Claim 3.2 (2), the restriction η * ω to each component of a fibre of h is identically zero. Hence the kernel of
Let E i be a nonexceptional divisor for η. Then there is a point y such that η is isomorphic in a neighborhood of y. By Definition 1.1, η * ω is nondegenerate on a neighborhood of y. Hence, on a neighborhood of y, the kernel of
4.6.
We go back to the proof of Lemma 4.2. Let F i be the fibre of E i → D at s. We recall that each F i forms an irreducible component of Y s . Since h| Y U is toroidal and h * D is a normal crossing divisor, Y s is a normal crossing variety. Let j i : F i ∩ F i → F i and j i : F i ∩ F i → F i be the natural inclusions. From the spectral sequence in [7, Chapter 4] , we obtain
where δ = ⊕ i<i ( j * i − j * i ) and (F i ∩ F i ) ∼ is the normalization of F i ∩ F i . We consider the morphism
where C(s) is the residue field at s.
It follows from (7) that 
Proof of Proposition 2.14.
We prove Proposition 2.14 in the following three steps.
Step 1. Unipotent case.
Step 2. Abelian fibration over a unit disk.
Step 3. Conclusion.
Step 1. Unipotent case.
LEMMA 4.9. Let h : Y → S be a projective morphism between complex manifolds and D the discriminant locus. Assume that a general fibre of h is an abelian variety and that D is smooth. Let h • be the smooth part of h and H
k := R k h • * C.
Assume that the monodromy of H k is unipotent for every k. Then
Proof. Since h • is an abelian fibration, ∧ k H 1 ∼ = H k , which is an isomorphism of variations of Hodge structures. Under the assumptions of Lemma, the canonical extensions of Hodge bundles are functorial. Hence
where means the canonical extension. Hence we have the desired isomorphism
Step 2. Abelian fibrations over a unit disk.
LEMMA 4.11. Let h : Y → ∆ 1 be a projective abelian fibration over the unit disk ∆ 1 := {s ∈ C; |s| < 1} and F := g * (0) . Assume that Y is smooth, h is smooth over ∆ 1 \ 0, F is a normal crossing divisor and that dim H 1 (F, C) ≥ 2 dim F − 2. Then
Proof of Lemma.
Let F := e i F i , e := L.C.M.(e i ) and∆ 1 := {t ∈ C; |t| < 1}. We define an e-fold cyclic cover d :∆ 1 → ∆ 1 by s = t e . LetŶ be the normalization of Y × ∆ 1∆ 1 ,ĥ :Ŷ →∆ 1 and G the Galois group of d. By the semistable reduction theorem [11, Theorem 11] , there exists a resolution Z ofŶ such thath : Z →∆ 1 is a semistable degeneration. Leth • be the smooth part ofh. Then the monodromy of R kh• * C is unipotent for every k. Henceh : Z →∆ 1 satisfies the assumptions of Lemma 4.9 and we obtain ∧ k R 1h * O Z ∼ = R kh * O Z . SinceŶ has only rational singularities, R kĥ * OŶ ∼ = R kh * O Z . Therefore ∧ k R 1ĥ * OŶ ∼ = R kĥ * OŶ . There exists a natural injection,
Letd :Ŷ → Y. Sinced and d are finite, there exist isomorphisms
Note that these isomorphims are G-equivariant. If we take the G-invariant parts,
where C(0) is the residue field at 0. Therefore it is enough to prove that
To prove the above isomorphism, we need the following claim. (1) R 1ĥ * OŶ ⊗ C[t]/t e is a free C[t]/t e module whose rank is equal to dim F. Moreover, there exist generators v i , (1 ≤ i ≤ dim F) such that g(v i ) = λ i v i , where λ i is a constant and g be a generator of G.
(2) At most one of λ i is not equal to 1.
4.14.
From Claim 4.13, we may assume that λ i = 1, (2 ≤ i ≤ dim F). Since the order of G is equal to e, there exists an integer a, (0 < a < e) such that g(t a v 1 ) = t a v 1 . The generators of ( ∧ k
These elements are included in ∧ k C (R 1ĥ * OŶ ⊗ C[t]/t e ) G . Hence we have a desired isomorphism. 4.13 (1) . By [22, (2.10 ) Corollary], R 1ĥ * OŶ is locally free and hence R 1ĥ * OŶ ⊗ C[t]/t e is free. Let m := dim F. Since a general fibre of h is an m-dimensional abelian variety, the rank of R 1ĥ * OŶ ⊗ C[t]/t e is equal to m and R 1ĥ * OŶ ⊗ C[t]/t e is an em dimensional vector space over C. Since the action of G induces the automorphism of the vector space and G is a cyclic group, there exist the eigenvectors
Proof of Claim
v i , (1 ≤ i ≤ em) which form a basis of R 1ĥ * OŶ ⊗ C[t]/t e . Let n : R 1ĥ * OŶ ⊗ C[t]/t e → R 1ĥ * OŶ ⊗ C(0) be the natural surjection. Since R 1ĥ * OŶ ⊗ C(0) is an m dimensional vector space, we may choose v i , (1 ≤ i ≤ m) such that n(v i ) form a basis of R 1ĥ * OŶ ⊗ C(0). By Nakayama's Lemma, these v i generate R 1ĥ * OŶ ⊗ C[t]/t e as a C[t]/t e module.
Proof of Claim 4.13 (2).
It is enough to investigate the action of G on R 1ĥ * OŶ ⊗C (0) . We denote byF the central fibreĥ * (0). By [22, (2.10 ) Corollary], R 1ĥ * OŶ is locally free. Sinceĥ is flat, R 1ĥ * OŶ ⊗ C(0) = H 1 (F, OF). Let H := {u ∈ C; Imu > 0}. We define a morphism e : H →∆ 1 by e(u) := exp (2πiu/e). Let Y ∞ :=Ŷ ×∆1 H. By [22, (2.9 )Corollary], there exists a spectral sequence
which degenerates at E 1 -term and G acts on both E 1 and E ∞ . We investigate the action of
Let g be a generator of G and g * the isomorphism defined by g. We denote by λ i 
By the properties (2) and (5) 
Hence the isomorphic (9) can be extended over codimension one points of U. Since R k (h U ) * O Y U is locally free for every k, we obtain the desired isomorphism. 
Applications.
Proof of
Since ω X ∼ = O X , the right-hand side of the above equation is the sum of the Hodge numbers of S by Theorem 1.3. Because X is an irreducible symplectic manifold, h k (X, O X ) = h 0 (X, Ω k X ) = 0 k ≡ 1 (mod 2) 1 k ≡ 0 (mod 2).
By the assumption, S is projective. Hence h p,p (S) ≥ 1. Combining the above results, we obtain the assertion of Corollary 1.4.
5.2.
Proof of Corollary 1.6. We start the proof of Corollary 1.6 with the following Claim.
Claim 5.3. S does not contain a curve whose self-intersection number is negative.
Proof. We derive a contradiction assuming that S contains a curve whose self-intersection number is negative. There is a birational morphism π : S →S which contracts certain curves to points. Thus, the composition π • f is not equidimensional which contradicts [15, Theorem 1].
5.4.
We go back to the proof of Corollary 1.6. By [10, Theorem 1.1], κ(S) ≤ 0. By Claim 5.3, S is one of the following:
(1) S is an abelian surface.
obtain
By [23, 3.3] , X 0 admits a Lagrangian fibration over P n . Hence we obtain h k (X 0 , O X 0 ) = p+q=k h p (P n , Ω q P n ).
Equations (11) and (12) give us the desired result. Next we treat a general case. It is enough to prove that h k (X, O X ) = 1 k ≡ 0 (mod 2) 0 k ≡ 1 (mod 2).
By [23, Proposition 3.3] , there exists a proper flat morphism π : X → C over a smooth connected curve C such that the fibres π −1 (t 0 ) ∼ = X 0 and π −1 (t 1 ) ∼ = X for some points t 0 , t 1 ∈ C. We consider R k π * O X . Since h k (X 0 , O X 0 ) = 0 for k ≡ 1 (mod 2), there exists an open set U of C such that R k π * O X | U = 0 for every k ≡ 1 (mod 2). For every fibre X t of π, χ(X t ) = χ(X 0 ) = n + 1. Hence R k π * O X | U is a locally free sheaf of rank one for every k ≡ 0 (mod 2). Let ∆ 1 be a small disk on C whose center is t 1 . Since X is realized as the G.I.T. quotient of a Quot-scheme acted on by a projective generalized linear group, π is projective. By [20, Theorem 7] , R k π * O X | ∆ 1 is locally free for every k. Hence X satisfies the equation (13) and we are done. DIVISION OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, HOKKAIDO UNIVERSITY, SAPPORO, 060-0810 JAPAN E-mail: matusita@math.sci.hokudai.ac.jp
